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Fourier Theory



Fourier Theory

Bir Fransiz matematikgi ve fizikci Jean Baptiste Joseph
Fourier, Fourier analizini gelistirdi. Periyodik sinyalin
(Analog) uygun secilmis sinltizoidal dalgalarin toplami
olarak temsil edilebilecegi konusunda tartismali bir
iddiaya sahipti. Bu yazinin bir gézden geciricisi olan
matematikci Lagrange, slireksiz egimler gibi koseleri olan
sinyalleri temsil etmek icin bir yaklasimin
kullanilamayacagi konusunda israr etti. Lagrange’in
gorusu dogruydu ama tam olarak degil, cunka sifir
enerjiye sahip iki sintizoidal isaret arasindaki fark cok
yakindi. Makale sonunda Lagrange olduikten sonra
yayinlandi. Fourier’in genelleme iddiasinin biraz kuvvetli
oldugu ortaya ciksa da, sonuclari giniumuze kadar
devam eden dnemli bir arastirma selini harekete gecirdi.




Jean Baptiste Joseph Fourier (1768-1830)

Had crazy idea (1807):

Herhangi bir periyodik fonksiyon (Analog Sinyal), farkli frekanslardaki sinlis ve kosintslerin yani
sintsoidal sinyallerin agirlikh toplami olarak yeniden yazilabilir.

Don’t believe it?
— Neither did Lagrange, Laplace, Poisson and other big wigs
— Not translated into English until 1878!

But it’s true!
— called Fourier Series
— Possibly the greatest tool used in Engineering



Fourier Theory

« Ozellikle siniis disi dalga yaklasimi icin bir iletisim
devresine veya sistemine ait sinyallerin karakteristiklerini
ve performansini belirlemek icin kullanilan bir yontem

Fourier analizidir. Sinusoidal (Analog) sinyalin frekansi, fazi,
* Fourier teorisi, sintzoidal olmayan sinyalde bir dalga genligi tektir.

formunun, harmonik olarak iliskili bireysel sinlis dalgasi

veya kosinus dalgasi (sintisoidal sinyal) bilesenlerine Frequency

ayrilabilecegini belirtir.
* Bir kare dalga bu fenomenin klasik bir 6rnegidir.
Temel icerik: —

* Fourier analizi, bir sinyal sonsuz sayida harmonik
sintsoidal sinyallerden olustugunu belirtir.

* Fourier analizi, yalnizca karmasik bir sinyaldeki sints

dalgasi bilesenlerini (frekans, genlik, faz) degil, ayni Froqaency
zamanda bir sinyalin bant genisligini belirlememizi saglar. domain
/ Time

Time domain




Fourier Theory

Zaman Etki Alani (domeni) ve Frekans Etki Alani (domeni)

Gerilim, akim veya glic¢ gibi sinyallerin degisimlerinin zamana goére genliginin nasil
degistigi zaman domeninde ifade edilir.

Bir frekans domeni, sinyali olusturan frekanslara gore genlik degisimlerini cizer.
Fourier teorisi bize karmasik sinyalleri, frekans acisindan ifade etmek ve
gostermek icin yeni ve farkli bir yol sunar.

Zaman domenine karsi frekans domeni: Spektrum analizord, sinyalin
bir frekans alanina ait ekrani olusturmak icin kullanilan bir aractir.
lletisim ekipmaninin tasarlanmasi, analizi ve sorunlarinin
giderilmesinde anahtar test aracidir.



Fourier donusumu

e Fourier donusumu yaygin olarak zaman spektrumundaki bir sinyali bir frekans spektrumuna
donistlirmek icin kullanilir. Zaman spektrumlarina sinyal 6rnekleri olarak ses dalgalari,
elektriksel sinyaller, mekanik titresimler vb. Asagidaki sekil acikca gorulebilecegi gibi, Kare
dalga farkli frekanslara sahip bir dalgaya benziyor. Aslinda birden ¢ok dalgaya benziyor.

* Fourier Dontsumu dogrusal olmayan her fonksiyonun (sonsuz) sinis dalgalarinin bir toplami
olarak temsil edilebilecegi gerceginden yararlanir. Alttaki sekilde bu, bir basamak fonksiyonu
cok sayida sinus dalgasi tarafindan simule edildigi icin gosterilmistir.
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Fourier Donusumu

Evrende gbzlediginiz tum sinyal formlari farkl frekans ve genliklere sahip sinus
fonksiyonlarinin toplamindan ibarettir!

Sinyaller, bir dalga formu araciligiyla tanimlanabilir - zaman, mekan veya basgka bir
degiskenin fonksiyonu. Ornegin, ses dalgalari, elektromanyetik alanlar, radyodan
dinlediginiz muzik, hisse senetlerini zamana gore fiyati, nefesinizin sikligi vb.

Fourier Donusumu, bize bu dalga formlarini dogrudan gortntilemenin benzersiz ve
glclu bir yolunu sundugu icin onemli bir rol oynamaktadir.

Fourier Transform, sinyal analizi, gorinti analizi, goruntu filtreleme, gorinti
rekonstriksiyonu ve gorintu sikistirmasi gibi cok cesitli uygulamalarda kullanilir.

Fourier donusumu fizik ve muhendislik alanindaki bircok uygulama ile matematiksel
bir donuisumdur. Fourier serileri denilen trigonometrik serileri kullanarak kismi
diferansiyel denklemleri iceren bircok 6nemli problemi cozebiliriz.



Fourier Transform

e Fourier dontusimu (Fourier Transform) siklik (frekans)analizinde kullanilan,
istatistik tabanli, matematiksel bir islemdir.

e Zaman domenindeki karisik sinyal yumaklarini ayristirir ve hangi frekansta ne
siddette (genlik) bir siklik oldugunu gosterir. Kisaca sinyallerimizi zaman
alanindan frekans alanina gecirirken kullandigimiz bir islemdir.

* Fourier dontusimu peryodik olarak tekrarlanmayan sinyalleri dikkate almaz.
Karmasik sinyaller icinde periyodik olanlari belirleyip harmonik bilesenlerine
avyirir.



Fourier Transform
.

Fourier Transform:
F(jo)= r f(e ™ dt Analysis

Inverse Fourier Transform:

1 e i ;
f@)= P LF (Joe™do  Synthesis

Continuous-Time Fourier Transform:

+0
I

F(jo)= | f(r)e'j“”dr f@) = —

+X A
[F(jw)e’®do
x

Discrete-Time Fourier Transform(DTFT):

1 + ,
x[n] = — P Js ‘\'(ej(" ) e Jon

X(e’®)= X x[nle-’o"

n=—x “/f R=—0

Zamanla genligi degisen analog
sinyallerindeki frekanslarin
belirlenmeside ve frekansa gore
genliklerinin ayristirma Fourier
dontsimd.

Frekanslarin bilesenlerinden zaman
domeninde analog sinyal elde
edilmesi sentez. Frekanslara gore
birlestirme.

Peryodik Sinyallarin Fourier
Donlstimu daha dogru hesaplanir.
Bir analog sinyalin Fourier
dontsumi komplks sayilar icerir.



Discrete Fourier Transform

A Fourier Transform will break apart a time signal and will return information about the frequency of all sine
waves needed to simulate that time signal. For sequences of evenly spaced values the Discrete Fourier
Transform (DFT) is defined as:

J.ﬂhr_l

X;,: _ E iE E—Efr:'kng‘_-"u"
— it

n=I

Where:

M = number of samples
« n = current sample

» X, = value of the signal at time n

k = current frequency (0 Hz to N-1 Hz)
X, = Result of the DFT (amplitude and phase)



Linearity

Scaling

Shifting

Symmetry
Conjugation

Convolution

Differentiation

Properties of Fourier Transform

Spatial Domain (x)

¢, T (x)+c,g(x)

f (ax)

f(X—XO)

F(x)
f(x)

f () g(x)

d"f

8

dx

Frequency Domain (u)

c,F(u)+c,G(u)

1 u
ae(a)

e 2" F(u)
f(—u)
F*(—u)
Fu)G(u)
(i2zu)"F(u)

Note that these are derived using
frequency ( @ )i 27ux



Fourier Series Cosine-Sine Form

X(t) = A, + > (A, cosnet + B, sin nayt)
n=1

27T
w, =2 f, = —
_]_.
£ 1
1 —_ Acisal frekans dalga biciminde
T hareket eden sinyallerde so6z

konusudur.



The Fourier series of the function f (z) is given by

4]
f(z) = ﬂ?ﬂ + Z {a,cosnz + b, sinnzx},

n=1

where the Fourier coefficients ay, a,,, and b,, are defined by the integrals

w

ag = 1 ff{:ﬂ]dﬂ:, Qp = 1 ff{ﬂ:j cos nxdz, b, = 1 ff[:ﬂ}sinnﬂ:d:ﬂ.
m m



Discrete Fourier Series Complex Exponential Form

x(t) = > X,e""
1

X = " (t)e "tdt
n _?jo x(t)e



Example: frequencies and plot the one-sided amplitude spectrum.

* X(t)=Acos(wt+0), x(t): Analog sinyal, eger frekans tek ise sintisoidal sinyal olarak
adlandirihir.

A: Genlik

w: Acisal frekans (Dalga biciminde yayilan bir sinyal s6z konusu)
w=2mnf, f=1/T; Burada f: frekans (Hz), T: peryod (saniye)

®: faz acilaridir, radyan cinsinden verilir (derecede verilebilir).

The frequencies < One-Sided Amplitude Spectrum
are 122
0 (dc) X(t) =12+9cos(2z <10t + 7z /3) 2
10 Hz + 6 cos(27z <20t — 7/ 6) f .
20 Hz +4cos(2z=<30t+ z/4) [ [

30 Hz 0 10 - 20



Ornek

4 adet sinusoidal sinyalin toplamindan olusan analog sinyali elde
ediniz. (rt rad=180 derece)

AO=12 birim, A1=9birim, A2=6birim, A3=4 Birim
Frekans: fo=0Hz, f1= 10Hz, f2=20Hz, f3=30Hz

Faz acilari: fi0=0 derece, fil= 60derece, fi2=-30 derece, fi3=45

derece
X(t) =12+9cos(27z <10t + z/3)
+ 6 cos(2z <20t — 7z / 6)
+4cos(2z <30t +z/4)



clear all

close all

f1=10

f2=20

df=1;

Fs=f2*5;

Ts=1/5;

dt=Ts/100

f=0:df:Fs;

t=0:dt:Ts

NA=size(f)
y=cos(2*pi*f1*t) +5*sin(2*pi*f2*t)+2*rand(size(t));
figure, plot(t,y)

grid on

fa=fft(y);
fb=fftshift(fa);
figure, plot(f,abs(fa))

N1=length(fa)

fori=1:N1
fc(i)=0;
if i>=95,
fc(i)=fa(i);
end
end
figure, plot(abs(fc))

ft=ifft(fc);
figure, plot(real(ft))
grid on

Frekanslar belirlenir.
Fs>=2*fmaks alinir.
Fs=20*10=200, Ts=1/200



clear all; close all
f1=0; f2=10;f3=20;f4=50;
Al1=12;,A2=9;A3=6;, A4=4;

faz1=0; faz2=pi/3;faz3=pi/4;faz4=pi/6;

fs=5*f4
p=fs/f2
Ts=1/fs
N=round(1/Ts)

fori=1:N+1
t(i)=0+(i-1)*Ts;
fr(i)=-round(N/2)+i-1;
end

fori=1:N+1
y1(i)=A1;
v2(i)=A2*sin(2*pi*f2*t(i)+pi/3);
y3(i)=A3*sin(2*pi*f3*t(i)+pi/4);
y4(i)=A4*sin(2*pi*fa*t(i)+pi/6);
y(i)=y1(i)+y2(i)+y3(i)+y4(i);

end

Ornek 35

y(t)=12+9Cos(2n10t+n/3)+6c0os(2n20t+r/4)+4cos(2n50t+n/6)

figure, plot(y,'LineWidth', 2, 'MarkerSize', 10) %
grid on; 25
title('y(t)=12+9Cos(2\pil10t+\pi/3)+6cos(2\pi2

Ot+\pi/4)+4cos(2\pi50t+\pi/6)', 'FontSize', 20, *
'Color', 'k', 'FontWeight', 'bold'); 15
xlabel('t','FontSize',36) 10

y(t)

ylabel('y(t)','FontSize',36)
set(gca,'FontSize',20, 'FontWeight','bold');

SO=fft(y);
S1=abs(S0)/N;

figure, plot(fr,fftshift(S1),'LineWidth', 2,
'MarkerSize', 10)

title('y(t) nin fourier dontsimd', 'FontSize',
20, 'Color', 'k', 'FontWeight', 'bold");
xlabel('fr','FontSize',36)
ylabel('yf','FontSize',36)
set(gca,'FontSize',20, 'FontWeight','bold');

14,

y(t) nin fourier déoniisimu
T
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Example 2. clear all; close all

Find the Fourier series for the square 2r-periodic wave defined on the interval [—, 7] : symstn

0, if <0 n=1;
, if —w<z< —1.
f(“’):{l, if 0<z<m ° f=1;
f1=f*cos(n*t);

f2=f*sin(n*t);

Solution. a0=int(f,t,0,pi)/pi
First we calculate the constant ay : al=int(f1,t,0,pi)/pi
) ] bl=int(f2,t,0,pi)/pi
4:11;.:i ff{m]dm:ifldmzi-w: 1.
m i aw : w
a0=1
Find now the Fourier coefficients forn # 0 : al=0
bl =2/pi

1 1/ 1 : m 1

a, = — ff(ﬂi]Ccnsnmda::—/l-cﬂsnmda‘,:—[(mnnm) }:—-D:{],
m m m T 0
—7 0

m

b, = L ff(ﬂ:]l sinnzdr = i%fl . sin nzdz = l{(— cosnm) W]
—m 0

1 1 —cosnm
= ——— -(cosnmr —cos0) = ——.
mn ™



Example

Let f (z) be a 2n-periodic function such that f (z) = z2 for € [—, n] . Find the Fourier

series for the parabolic wave.

Solution.

Since this function is even, the coefficients b,, = 0. Then

1 1 9 f 2 g\ |7
anz—/f{m}dmz—/mﬂdx:_fm?dm:_.[(”f_)
T T T T 3
- - 0

m m

1/ 2 2
Ap = — ff[ﬂ:] cosnrdr = — /f[:r:)msn:cdm = — fﬂjg cos nzdzx.

m m w
0 0

clear all; close all
symstn

n=1

f=tr2;
f1=f*cos(n*t);
f2=f*sin(n*t);
a0=int(f,t,-pi,pi)/pi
al=int(f1,t,-pi,pi)/pi
bl=int(f2,t,-pi,pi)/pi

n= 1
a0 =(2*pin2)/3
al=-4
bl1=0



Apply integration by parts twice to find:

-uzmg —

2 r dv = cos nxzdzx 2 z?sinnz \|"
— = | 22 cosnzdzr = :—[ _
w f du = 2zdzr T n 0
0 v = fcc-s nxdr = Smﬂm |
w 2 m
— f sin T dz| = — [ﬂ,z sin nw — (—‘?i')ﬂ sin(—nw) — Ef:ﬂsinn:cda:}
m
0 0
2 9 . . 4 i
= — [EW sinnm — 2 [ xsin n:cd:t: = —— | zsinnxdzx
N e
0 0
U=z
dv = sin nxdx 4 T COSTNE \|T COS N.T
- = ), ~ | () ]
du = dx ™ T 0 n
COS TLE 0

v = [sinnrdr = ——

w

4 4 sin nx
= —— |wcosnw — cosnrdr| = — |wcosnmr —
an2 n2 n

|

0

4 | sin n
= — |mcosnmw — )
I n




Example

Find the Fourier series for the triangle wave

s +x, if —w7<zxz=<0

@ ={300 LTI,

2 E

1

defined on the interval [—, 7] .

Solution.

The constant ag is

ag:% /wf{:t:}dm:% f(%+m)d$+jr(%—m)dm
G G5 (F )
7)o

%

A=

m?:”!



] i

1 r 1 T iy
Qn = — ff{;r:] cosnrdr = — f(E —|—3:) cosnxdx + f (E — 5:) cos nxdx

—r 0
0 0

1
— f%cos nrdr + /Icos nrdr + f%cus nrdr — fmcos nrdr
i
. g 0 0

w

Integrating by parts, we can write

T sin i T sin nr T sinnr COS LT
rcosnrdr = ——— — — dxr = + .
n n n n2

Then

1 [?r (sinnm)
a, = — | =
T | 2 n

(a:si]]n;l: N coS nm)

0 . 0 .
I s51ln nrk COs nr T sin n.r N
+ +— + 5
— n n —T n 0

J

The values of sin nx at * = 0 or * = 4 are zero. Therefore,

n n2

1 0 . 1
Ay = g [(ms nzx)|__— (cos ”‘EHD} =—3 [cos 0 — cos(—mn) — cosan + cos 0]

_ %[1 — cosn| = %[1 — {_l}n] :



Example

Find the Fourier series for the function

-1, if —w<zr<—3
f(z) =<0, G ——
1, if z<z<nw

defined on the interval [—m, n] .

Solution.

:—ff{m f[—l}d:c+ fﬂdm+fldm
(Ao f)-e

Compute the coefficients a,, :

ba| g



a5

™

1 r 1
ap, = — ff{;r:] cosnrdr = — f (—cosnzx)dr + /cosn:t:dn:
m w

—m

b3 =

1 1
= —[— sin —%) + sin(—nw) + sinnw — sin n:rr] = @ﬂ';f — simnm
m

st — sip 2|~ 0

(These results are obvious since this function is odd.)

Calculate the coefficients b,,

k.
T

1 1
b, = — ff(m] sinnzxdr = — / (—sinnz)dz + fsinn:t:da:
m m

m
z

1 (cc-sn:t:) 3 (cosnm) 1 [ mr) ( )
= — — = — |cos| ——— | — cos(—nmw

iy n - n x ™ 2 Thus, the Fourier series expansion of the function is given by

nm 1 nimw
— cﬂsnw—l—cos? = ccns?—cc:-smr—cosnw+cos— 5 2 1
'?r -
r) = — — cos— — cosn ) sin nae.
Fa) =23 )

2 ( I )
= cos —cosnm) .
Tn 2



[ = &vf
—_— 1 = f —r'ﬂJI'dr
glw) = ﬂ_/_-mf(}ﬂ
1 -

g[m} = ﬂ / gial g—itit Jy
—oa

1 S
_— — i —a ,
g(m) 2 . e et
(w) = —] (2adlew — w,))
& T 2x @

glw) = 8w — m,)

Example

g(w) = é(w — w,)

ﬂﬂ=/ g(@)e™ deo

ﬂﬂ=/'&m—%km¢;

e’ o= w,

F@O =19, ® % @,

[ = !

29



Example cont.

Fourier Transform

F() = e meeessssmm———) $S(0) = o — w@,)

Fourier Inverse Transform



Continuous Spectra
N

F(joy=|_f(he " di

F(jo)
F(jo) = F,(jo) + jF,(jo) o

=] F (jo)| e T hgw

o Iﬂla%e

hdaﬁnnude



F

F(joy=[" f@e " dr

-

: ” —Jjor L {0 l — jor
F(jo) =] foedi=[ e =—e”




Example: Determine the Fourier transform of the
function below. )

x(t) =e™* for t=0
=0 for t<O

. _ e—(a+ia))t e
X(f)=[  x()e dt R i@)l
= [Te-teitdt = [ e (erendt —o-—+ 1
0 0 —(ax+1w) (x+1w)

1

1 —
05—|—ia) \/a2_|_a)2

X(F) =|X(f)|= O(f)=—tan 12
(o4



Example: Determine the Fourier transform of the

function below.
xX(t)=A for O<t<r~

=20 elsewhere

o —Ileoot ¢ —Iloot Ae_ia)t :
X(f)=| x(t)e dt:jer dt = —— }
(0)

:A[e | _1j=A[1__e j
—icw i

sinsz fr , :
SOFY — A Cizfr B sinc T
() T[ ztr je X(f)—AT[ 7 fr

O(f)=—xncf

)

34



Example: _ - _
e F(Jjo) = j f (t)e °tdt
FLA(D)]=F(jo) FLf(1)cosmyr] =7 —

f(t)cosm,t = %_}“(1‘)(9""("”r +e ™)
Flf(t)cosw,t] = > /f (f)((»’J“’Ol' - (?'_3“"0") e 3% ¢
1 s —J(w—wp)t 1 b —Jj(w—+wq)t
- 7 f(’)( J *0r5dt ¢ 7 f(r)( J 0% At
1 (o I — jgt
FLAOcos o= 2 FLf (D™ 1+ H f (e ™)

- %F[j(m—mﬂ)]+%F[f(w+ @, )]



w0 {\f( [)=w(F)Cosm,f

I\

E __________________ : > .;(‘
o i —d_fo U U U d2

W, (jo) =Flw,(1)]= ﬁ;.ie_wdf - Siﬂ(m)

sini(ﬂ)— W, ) sin%(tﬂH— )

| 2
F(jo)=F[w,(t)cosm,] = W—® " W+ ®
0 0




Example

_ [Vl <3,

f(x) F(u)
F(u) = f_i flz)e M dyg
— X/2 E—j"zﬂ'u;rdx
—X/2
1 i2muX /2 2ruX/2 A £,
- - VR VAY
= Xsm(?rXu} = Xsine(mXu). 21X

(X u)
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09
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b}
=

©
=
7]
®

—

=
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f(t)
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Fourier transform of periodic signals

similarly, by allowing impulses in F(f), we can define the Fourier transform
of a periodic signal

sinusoidal signals: Fourier transform of f(#) = coswgt
1 - wipt — t — L
F(w) = > ((J of | e—Jwo ) e~ Iwt dt

— %/ _J{‘-‘-' ‘-‘-’U}t(ff_|_ f —j(uJ—ng:If(_Ef_

= 7o(w — wp) + mO(w + wp)

F(w)

— o o



Fourier transform of f(t) = sinwpt

1 >0

= (e790t — emIwot) eIt ¢

2] J_ o

1 o 1 >

? G_‘j{w_wﬂ}t{ft -+ _‘}_/ E?T_j(wﬂ+w}tf.'it
=] J_0c 2] J o

—jmo(w — wo) + jTo(w + wo)

F(w)

VELS

[

w
—Wwp \



Examples

sign function: f(f) = { q t_

write f as f(t) = —1 + 2¢g(t), where g is a unit step at t = 0, and apply

linearity ; ,
F(w) = =2nd(w) + 216 (w) + — = —

jw jw

sinusoidal signal: f(t) = cos(wyt + )

write [ as
f(t) = cos(wo(t + ¢/wo))
and apply time shift property:

F(w) = med“?/%0 (§(w — wp) + 6(w + wo))



0 it| > 10

pulsed cosine: f(f) = { cost —10 <t <10

1 I I |'ﬂ'| I'
| \ i II |I
[ [ [
[ . [
0.5} [ T N R
I T O R
. |I |I || || || II
b
= o7 {1~ Tt
o A O R T
[ T A I
U A I
-05 A
| | L |
I \ f \ | |
| | L |
-1 V V V Vv
-10 10

~~ OF

write f as a product f(t) = g(?) cost where g is a rectangular pulse of
width 20 (see page 12-7)
2sin 10w

F(ecost) =md(w —1)+md(w+ 1), Flg(t)) = "



i i ; v 1
The Fourier series for the function flz) =sin'z i

1l —coslr

2
=0.5—-0.5 cos2zx

flz) =sin"z =

flz) = Ap + Zﬂ.ﬂ cos Ty T+ bysin mup T

n=1

f(x) = sin*z is an even function so b, = 0
Ay =0.5
B {— 05 n=1

(0 , otherwise

_ 2w _ 2w _




.

1 S1<t<0 X(w) = ﬂw%ﬁ4:[f¢“dt

0 elsewhere —

e/tdt + J e 1“tdt

f
1 0<t<T j
J

= —2 J sin (wt) dt
0

1
= ljl cos (wt)
w




Find the Fourier transform of x(t) = f(t — 2) + f(t + 2).

Using linearity property,

ax(t) + by(t) <> aX(w) + bY(w)

And Time shifting property,

f(t-t,) <> eI¥t F(jw),

We have F[x(t)] = F[f(t)] e72% + F[f(t)] e2»
= F(jw)ed2 + F(jw)el2® = 2F(jw)cos2w.

Find the Fourier transform of f(t)=te2! u(t).

Using frequency differentiation property, tz(t) < __r% X(w)

Flteu(t)] = j2 Flte “u(t)] = jo L =j D _ 1

o+ juw (a+jw)? (a+jw)®
1

(a+jw)®

te " u(t) «»

Find the Fourier transform of ei®!.

Explanation:

We know that F[1] = 2n6(w)

By using the frequency shifting property,
el tx(t) € X(w — w,)

We have F[el“,] = F[el* ! (1)] = 2nd(w — w).

The Fourier transform of a Gaussian pulse
is also a Gaussian pulse.

Explanation: Gaussian pulse, x(t) = e™
Its Fourier transform is X(f) = e™
Hence, the Fourier transform of

a Gaussian pulse is also a Gaussian pulse.



Show that f(x) = 1, 0 < X < oo cannot be represented by a Fourier integral.

Tlf(x)ldx=TldX=[x]: = oo and this value tends to «© as x — .
0 0

Le., I 1 f(x)dx is not convergent. Hence f(x)=1 cannot be represented by a Fourier
0

integral.



2D Fourier transform

Definition
F - /oo /-oo f T y)e—j27r(u:c+vy) dl‘dy,
/ / (u, v)e? 2™ W=+ dy du

where u and v are spatial frequencies.

Also will write FT pairs as f(z,y) & F(u,v).

e F'(u,v) is complex in general,
F(u,v) = Fr(u,v) + jFi(u,v)

o | F(u,v)| is the magnitude spectrum

e arctan(Fi(u, v)/Fr(u,v)) is the phase angle spectrum.
e Conjugacy: f*(z,y) © F(—u,—v)

e Symmetry: f(z,y)isevenif f(z,y) = f(—z, —y)



FT pair example 1

rectangle centred at origin
with sides of length Xand Y

F(u,v) = [ [ f(z,y)e "D dzdy, Jx.p) F(u,v))

X/2 —12WUT Y/2 —j2mv = p s
= [ €z [ e ™dy, separability

[(7_]27.'!1.1‘] X/2 lc—jlﬁf'!/] Y/2
—J2mu| _, 19 —72mv _y/2
1 1

o [(_',—ju..\" o, (?ju..\'] — [(f—j:r)" o (?jl'Y] )
—727u ' —72nv b ' '
sin(rXu)| |sin(2rY v)
mXu 7Y v

~x |

= XY sinc(mXu)sinc(wYv).



FT pair example 2

Gaussian centred on origin

f(r) = e/’

where r* = z° + 3%

F(u,v) = F(p) = e~

where p* = v’ +v2

o3 BBBEYE

* FT of a Gaussian is a Gaussian

 Note inverse scale relation




FT example

Circular disk unit height and
radius a centred on origin

1, |r| < a,

f(m‘y)_{ﬁ, | > a.

F(u,v) = F(p) = aJi(map)/p

where J(z) is a Bessel function.

- rotational symmetry

« a ‘2D’ version of a sinc

EEEREEEER
T N R SR S S——

1
B8 o
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FT example

f(z,y) = 0(z,y) = 6(x)d(y)

F(u,v) = /]'5(1;,y)e—if'?i'f(’f“f**-‘ﬂ)d;z:d-y

= 1

f(x,v) F(u,v)

(0(z,y —a) + d(z,y + a))

bI| =

f(I,y) —

F(u,v) > X / (6(x,y —a)+ d(z,y+a)) e~ J2m(uztvy) dxdy

1 o o i \
5 (e j2nav e-*’zm”) — COS 27av



The spatial function f(z,y)
f(z,y) = / / (u, v)e? ) gy duv

is decomposed into a weighted sum of 2D orthogonal basis functions
in a similar manner to decomposing a vector onto a basis using scalar
products.

)
-2




Example: action of filters on a real image

original low pass

|F(1,v)




Example — Forensic application

\Fu,v)

remove
peaks

Periodic background removed
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Signal Analysis



ANALOG
SIGNAL

ANALOG
FILTER

ADC

DISPLAY

|

DIGITAL
FILTER

FFT

\d

DISCRETE
DATA

The Anatomy of the FFT Analyzer

The FFT Analyzer can be broken dowr
into several pieces which involve the
digitization, filtering, transformation
and processing of a signal.

Several items are important here:
Digitization and Sampling
Quantization of Signal
Aliasing Effects
Leakage Distortion
Windows Weighting Functions
The Fourier Transform
Measurement Formulation



Quantity Description

X Sampled data

n = length(x) Number of samples

fs Sample frequency (samples per unit time or space)
dt=1/fs Time or space increment per sample

t =(0:n-1)/fs Time or space range for data

y = fft(x) Discrete Fourier transform of data (DFT)

abs(y) Amplitude of the DFT

(abs(y).~2)/n Power of the DFT

fs/n Frequency increment

f = (0:n-1)*(fs/n) Frequency range

fs/2 Nyquist frequency (midpoint of frequency range)



Sine Wawve Signal

0.5H

Amplitude
L= ]

Time (5}

Power Spectrum of a Sine Wawe

L ewnts? i 1 L 1 1 L

10 20 30 40 ] a0 T0
Freqguency (Hz)

a0

Sine Wave

Fg = 150; % 3

ampling
t = 0:1/Fs:1; % Tims
f = 5; % Cr=ate a =in
®x = zin(2*pi*tt*f) ;
nfft = 1024; % Length
% Take fft, paddin
1z equal to nfft

figure (1) ;
plot (t,=x);

title("3ins Wa

xlaksl {"'Tims=

(=
vlabel ("Zmplitn

figure (2);
plot (f,mx) ;

T e = T -
2lgnal }I
|::|_

r

T .
=');

title('Power Spectrum

xlabel ('Fregqus
vlabel ('Powsx'

n
}

T
.

(Hz)



Amplitude

Cosine Wave Signal

Cosine Wave

0.5F

Fs = 150; % Sampling fregqusncy

t 0:1/Fs:1; % Tims wvector of 1 second
| f = 5; % Cre=ate a =ine wave of £ H=

x = cos(Z2*pi*t*f);

nfft = 1024; % Length of FFT
i % Taks fft, padding with ==eros so that

Time (s)

Power Spectrum of a Cosine Wave

&

{1| F

M‘l"‘i‘m'rfmvwmm ke

% FFT is symmetric, throw away second !
¥ = X(l:nfft/2);
1 % Takse the magnitude of £ft of x
mx = abks (X);
f = (0inffe/2-1)*Fs/nfft;
% Generate the plot, title and labels

. plotit,x);
title("3inse Wavs
i xlabel ("Time (=) ")
vlabel ("Zmplitude');
figure(2);
plot(f,mx);

1]

10 20 30 40 50 &0
Frequency (Hz)

70

title("Power Spsctrum o
20 xlabel ("Frequency (Hz) '
vlabel ('Pows=sr");



Cosine Wave with Phase Shift

Cosine Wawe Signal with Phase Shift

0.5

Amplitude

— . r ; F= = 150; % Sampling fregquency
I|lI ’_‘III Ill’ﬁ‘\I .'ll'_‘II L1 fnl'n r'ﬁ | — -1 : - £

\ | {1 {1 | t = 0:1/F=s:1; % Tims wvector of 1 sscond
II | | | I ) I I | - N — = = o Ty e T T - = e
| | | | | (- - te a sine ave of T H=

Power Spectrum of a Cosine Wawve Signal with Phase Shift % Fr

15 SYMmmELIr1c, throw away second

[
0
=
=
o
[
H

Time (s} - K

T ' T ' T T ' £ (0:nmfft/2-1)
% Generate the plot, title and labels
- figure (1) ;
| plot (t,x);
i title('Sine Wave 3Signal');
xlabe=l ({"Tim= (=) ") ;
ylabel ("Zmplitude");
q 1 figure(2);
"||rl||'| r‘,ﬂﬁ“ ) . . . . plot (£, mx) ;
0 10 20 10 40 50 &0 70 80 title('Power Spectrum of a Sine Wave');

FF-E'!]LJEHC'H [HE} xlabh=1 |: L] ];__'I‘_'-E':I'L'-.'i oy |:F_Z:|
ylabel ("Powsr');



Square Wawe Signal
1 | | |

05 .

Amplitude

0 0.z 0.4 0.6 0.8 1
Time (s)

Fower Spectrum of a Square Wawe

P ower
s 5 8 8 8

| _

I

) fl | | .

\’J rl"\.-lﬂ "1-’-q-..-ﬂ| II"'M-_.-JI I“-m_h-a-'lllu‘u ﬂnln- H'ﬂlw-—m'l

] 20 40 &0
Freqguency (Hz)

=

Square Wave

= 0:1/F=:1 $ Tim= wector of 1 sscond
= sine wave of £ H=s

A 1]
=
ih
Hh
y
t
L}
D_l
'
[
=
—
L]
e
it
=
4]
]
[
i
[£1]
1]
i
o+
b
g_l
1
[
i
H

fft{x, nftft) ;

% FFT 1= symmetric, throw away second half
¥ = X(l:nfft/2);

% Taks the magnitude of £ft of x

mx = ab=s(X);

f = (0:nfft/2-1)*Fs/nfft;

% Generate the plot, title and labels.

plot (t,=x);
title('3guars Wav
xlak=l ("Tim= (=)

figure (2) ;

plot (£, mx);

title ('Power Spectrum o
xlakbel ("Fregqusncy (Hz)'
vlabel ("Powsr') ;



0.8

0.8

0.4

Amplitude

0.2

30
25
20

Fower
™

10

Sguare Pulse Signal

0
Time (8)

Power Spectrum of a Square Pulse

0.5

¥
|

flh'
xrafxf\f\fﬂfwfﬂfﬂf&fxfnfxfx

20 40

Frequency (Hz)

it

&0

Square Pulse

Fs =
t:

150; % Sampling
-0.5:1/Fs:0.5; %
2. g

oy WIOATIL

rectpuls (t,
S12; %

% FFT is symmetric,
¥ = X(l:nfft/2);
& Take ths magnitude

¥ Frequency wector
f = (0O:nfft/2-1)*Fs/nfft;
% Generate the plot, title

figure(l);
plot (t,x);
title('Sguare
¥label {"Tims (s) F
vlabel ("Zmplitude");
figure (2);
plot (£, mx) ;
title ('Pows
xlabel {'Frao
viabel {"Powsyx

f
[

[
in
[
i



Gaussian Pulse

Gaussian Pulse Signal

Amplitude

- Fs = 60; % Sampling freqgue
/f\\ t = -.5:1/F=s:.5;
[ - o
{ \ nfft = 1024; % L=ng

\ I ngth(x) is

| .
t{x,nfft) ;

I
H it
Fy

\ X

X = H(l:nfft/2);

ake the magnitude of f£ft
0 0.5 mm =
Time (s) 8

il
1}
o
I

l
]
il

]

plot, title

Power Spectrum of a Gaussian Pulse
plot(t,x)};

Power

title|'Fau=ssian Pul=ese Signal
xlabel {"Tim=s (=) ') ;

vlabel {"Zmplaituds");
figure(2);

xlabel ('Frecguency (Hz) ") ;
. yvlabel (" Powsxr ")

l
I

10 15 20 25 30
Frequency (Hz)

FT 1s symmetric, throw away

b



Amplitude

Fower
B8 & 88

1.5

0.5

Exponential Decay Signal

Exponential Decay

Fs = 150; % Samg

x = Z%exp(—-3%t);

% Take f£f

] length(X) is egual
X = fft(x,nfft);

. % FFT i=s symmetric

¥ = X(l:nfft/2):;

0 0z 0.4 0.6 0.8
Time {5)

Power Spectrum of Exponential Decay Signal

1 % Take the magn

-
=

=

t = 0:1/Fs:1; % Tim

t, padding with

vector
f = (0O:nfft/2-1)*Fs/nfft;
% Ge=nerate the plot, titl

plot(t,x);

title ('Exponential
xlakel('Tim=s (=) ")
7 vliakel {("Zmplituds"
figure (2);
plot (£, mx) ;

title ('Powsr Spect

0 20 40 60

Frequency (Hz)

Decay Signal');
xlakel ('Fraqusasncy
yvlakbel (' Powsr'") ;

Decay
.
r
1 i
rum of

(Hz) ") r

usncy

nfft = 1024; % Length of FFT

ZeXosS



Amplitude

Power

ChirpSign:]I
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Frequency (Hz)

Chirp Signal

Fs = 200; % Sampling freguency
t = 0:1/Fs:1; % Time wvector of 1 s=cond
x = chirp(t,0,1,F=s/6);

nfft = 10Z24; % Length of FFT

% Taks fft, padding with zeros so that
length (¥) is equal to nfft

X = £fft (=, nftftt) ;

% FFT is symmetric, throw
X = Xl(l:nffte/i2);

% Takse the magnitude of £fft of =

-

T}

£l
n
1

¥

i

=

!_I.

|

]

'_I

|

mx = abs(X);

Al
1]
Ll
i
I
1]
&
ja
(]
st

i

% Thi=s 1= an =venly space:

f = (Dinfft/2-1)*Fa/nfft;

% Gensrate the plot, title and labels.
figure(1l);

plot (t,x);

title('Chirp Signal');

xlakel {("Time (=) ") ;

vliabel ('AZmplituds");

figure(2);

plot (£, mx) ;

title ('Power Spectrum of Chirp Signal');
#xlabel (' Frequency (H=) '} ;
vilabel (' Powser ') ;



¥ Create data and 2-by-1 tiled chart layout
¥ = linspace(®,3);

¥l = sin(5%x);

¥2 = sin(15%x);

tiledlayout(2,1)

% Top plot

axl = nexttile;
plot(axl,x,yl)
title({axl, "Top Plot')
ylabel{axl, 'sin{5x)")

% Bottom plot

ax2 = nexttile;
plot(ax2,x,y2)
title(ax2, "Bottom Plot”)
ylabel{ax2, 'sin{15x) ")

Top Plot

0.5

1.5 2 2.5

Bottom Plot




clear all
close all

load('gong') %load the variables for the 'gong' audio file, this loads

the sample frequency and the sample values

Fs

t=0:1/Fs:length(y)/Fs-1/Fs; %time index
figure;plot(t,y);xlabel('Time (s)'),ylabel('y")

y1 = fft(y); % Compute DFT of x
m = abs(y1); % Magnitude
yl(m<le-6) =0;

p = unwrap(angle(y1)); % Phase

f = (0:length(y1)-1)*100/length(y1);
figure,subplot(2,1,1)

plot(f,m)

title('Magnitude')

ax = gca;

ax.XTick = [15 40 60 85];

subplot(2,1,2)

plot(f,p*180/pi)

title('Phase')

ax = gca;
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clear all

close all

Ssyms X
f=exp(-2*x"2);

%our function

figure, ezplot(f,[-2,2]) % plot of our function

FT = fourier(f)

figure, ezplot(FT)

% Fourier transform

FT = (27(1/2)*pir(1/2)*exp(-w”2/8))/2

exp(-2 x 2)
T

r r r r r r
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

(212 2 exp(-wA/8))/12




1

clear all Z:
close all 07
M = 1000; o4
f = zeros(1, M); Zz
| = 20; L
f(M/2-1:M/2+) = 1;

O r r
0 100 200

F = fft(f);

Fc = fftshift(F);

rFc = real(Fc);

iFc = imag(Fc);
subplot(2,1,1),plot(abs(Fc));
subplot(2,1,2),plot(atan(iFc./rFc));

r r
300 400

r r r
500 600 700

r r
800 900 1000

-2
0

100 200 300 400 500 600 700 800 900
T T T T T T T T T
1 / n
0 L//////J////j/////r
r r r r r r r r r r
100 200 300 400 500 600 700 800 900 1000



clear all
close all

fs =100;

t=0:1/fs:1-1/fs;

x1 = (1.3)*sin(2*pi*15*t);
figure, plot(t,x1)

x2 = (1.7)*sin(2*pi*40*(t-2));
figure, plot(t,x2)

X=x1+x2;

figure, plot(t,x)

% sample frequency (Hz)
% 1 second span time vector
% 15 Hz component,

% 40 Hz component

y = fft(x);

n = length(x);

f = (0:n-1)*(fs/n);
power = abs(y).A2/n;

% number of samples
% frequency range
% power of the DFT

figure, plot(f,power)
xlabel('Frequency')
ylabel('Power’)
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clear all
close all

fs = 100;
t=0:1/fs:1-1/fs;

x1 = (1.3)*sin(2*pi*15*t);

figure, plot(t,x1)

x2 = (1.7)*sin(2*pi*40*(t-2));

figure, plot(t,x2)
Xx=x1+x2;
figure, plot(t,x)

y = fft(x);
n = length(x);
y0 = fftshift(y);

% sample frequency (100Hz)
% 1 second span time vector
% 15 Hz component,

% 40 Hz component

% number of samples
% shift y values

f0 = (-n/2:n/2-1)*(fs/n); % O-centered frequency range

power0 = abs(y0).*2/n;

plot(fO,power0)
xlabel('Frequency')
ylabel('Power’)

% 0-centered power
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clear all
close all

load('gong') %load the variables for the 'gong' audio file, this loads
the sample frequency and the sample values

Fs

t=0:1/Fs:length(y)/Fs-1/Fs; %time index
figure;plot(t,y);xlabel('Time (s)'),ylabel('y")

y1 = fft(y);

n = length(y1); % number of samples

y2 = fftshift(y1); % shift y values

f0 = (-n/2:n/2-1)*(Fs/n); % 0-centered frequency range
power0 = abs(y2).22/n; % O-centered power

figure, plot(fO,power0)
xlabel('Frequency')
ylabel('Power’)
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clear all
close all

f = ones(10,20);

F = fft2(f, 500,500);

f1 = zeros(500,500);
£1(240:260,230:270) = 1;
subplot(2,2,1);imshow(f1,[]);
S = abs(F);

subplot(2,2,2); imshow(S,[]);
Fc = fftshift(F);

S1 = abs(Fc);

subplot(2,2,3); imshow(S1,[]);
S2 =log(1+S1);
subplot(2,2,4);imshow(S2,[]);




FFT for Spectral Analysis

First create some data. Consider data sampled at 1000 Hz. Start by forming a time axis for our data, running from t=0 until t=.25 in steps
of 1 millisecond. Then form a signal, x, containing sine waves at 50 Hz and 120 Hz.

* t=0:001:.25;
* X =sin(2*pi*50*t) + sin(2*pi*120*t);

Add some random noise with a standard deviation of 2 to produce a noisy signal y. Take a look at this noisy signal y by plotting it.
 y=x+2%randn(size(t));

 plot(y(1:50))

* title('Noisy time domain signal')

e Y =fft(y,251);

* Pyy=Y.*conj(Y)/251;

« f=1000/251*(0:127);

* plot(f,Pyy(1:128))

» title('Power spectral density')

* xlabel('Frequency (Hz)')

Zoom in and plot only up to 200 Hz. Notice the peaks at 50 Hz and 120 Hz. These are the frequencies of the original signal.
* plot(f(1:50),Pyy(1:50))

» title('Power spectral density')

« xlabel('Frequency (Hz)')



Noisy time domain signal Power spectral density Power spectral density
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Approximate Spectrum of a Sinusoid with the FFT

n = [0:149]; =0 -
x1 = cos(2+pi*n/10); ol |
N = 2048: 7
X = abs(fft(x1,N)); ol
X = ffeshift(X);
F = [-N/2:N/2-11/N: AL
| |
plot (F,X), T Y
¥1label [ ’IEI'E-E_I_LIEI[E}* .-"r f 5 1-} e _G;_ ____i_l:_:l.:;_l__mI_Iij.lg-”,'.|-_|u,1|-...-.“___Erl _.”,.nGHIn...,,i-j-lg.m.“.....;;?:_..... '-::-fa —



clear all
close all

f = imread('Jenna.jpg');
subplot(1,2,1), imshow(f);

f = double(f);

F = fft2(f);

Fc = fftshift(F);

S = log(1+abs(Fc));
subplot(1,2,2),imshow(S,[]);




clear all
close all

% Signal parameters:

f=[440880 1000 2000]; % frequencies
M = 256; % signal length

Fs = 5000; % sampling rate

% Generate a signal by adding up sinusoids:
x = zeros(1,M); % pre-allocate 'accumulator’
n=0:(M-1); % discrete-time grid
for fk = f;
X =X + sin(2*pi*n*fk/Fs);
t=n/Fs);
end

figure, plot(t,x)

ya=fft(x,1024);
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2D Fourier Transform

- The 2D Fourier Transform equation is very similar to the
1D

. ux vy
F(u,v) = f(x,y)e 2™ Car N
x=0 =0
, M-1N-1 wx vy
[, y) =+ F(x,y)e™ ™ '~

x=0 y=0
- The 1/MN term can be applied to either function (but not
both) and is used for normalization

e INn MATLAB the call for a 2D Fourier transform is
>>F = fft2(f)

-~ w L LM



clear all
close all

%Create the Spacial Filtered Image
f = imread('Apricot.png');

whos f

size(f)

class(f)

[M, N] = size(f)

figure, imshow(f)

| = rgb2gray(f)
figure, imshow(l)

F=Fft2(1)

figure, imagesc(100*log(1+abs(fftshift(F)))); colormap(gray);

title('magnitude spectrum’);

figure,imagesc(angle(fftshift(F))); colormap(gray);

title('phase spectrum’);
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clear all
close all

im=imread('Apricot.png');
im=im(:,:,1);

imshow(im(:,:,1))
y=fft2(im);

clim=quantile(abs(y(:)),[.01 .99]);

figure
imagesc(fftshift(abs(y)),clim);colormap gray
title('magnitude’);

clim=quantile(angle(y(:)),[.01 .99]);

figure
imagesc(fftshift(angle(y)),clim);colormap gray
title('phase')
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clear all
close all

%Create the Spacial Filtered Image
f = imread('Apricot.png');
%Convert to grayscale
fl=rgb2gray(f);

figure,imshow(f1)

%Create the Spacial Filtered Image
h = fspecial('sobel');

sfi = imfilter(double(f1),h, O, 'conv');
%Display results (show all values)
figure,imshow(sfi, []);

%The abs function gets correct magnitude
%when used on complex numbers

sfim = abs(sfi);

figure, imshow(sfim, []);




clear all
close all

%Create the Spacial Filtered Image
f = imread('Apricot.png');

whos f

size(f)

class(f)

[M, N] = size(f)

figure, imshow(f)

| = rgb2gray(f)

windowsSize = 9;

kernel = ones(windowSize)/windowSize”2;
blurredimage = conv2(double(l), kernel, 'same');
figure, surf(blurredimage);
colormap(gray(256));



R degerini 1 ile 100 arasindaki degistirerek
degisimi goriin

clear all
close all
n=2"10; % size of mask
M = zeros(n);
| =1:n;
X =1-n/2; % mask x-coordinates
. 200 400 600 800 1000
y=n/2-l; % mask y-coordinates

[X,Y] = meshgrid(x,y); % create 2-D mask grid

R=10; % aperture radius

A = (X.A2 +Y.A2 <=R”2); % circular aperture of radius R
M(A) = 1; % set mask elements inside aperture to 1
imagesc(M) % plot mask

axis image

DP = fftshift(fft2(M));

figure, imagesc(abs(DP))

axis image
figure,imagesc(abs(log2(DP)))
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Ses analizi

clear all

close all

recObj = audiorecorder
disp('Start speaking.")
recordblocking(recObj, 15);
disp('End of Recording.");

play(recObj);
y = getaudiodata(recObj);
figure, plot(y);

y1=fft(y);
figure, plot(abs(y1))

N=size(y1)

for i=10000:110000
y1(i)=0;

end

figure, plot(abs(y1))



Kaynakca

Fast Fourier Transform and MATLAB Implementation by Wanjun Huang for Dr. Duncan L.
MacFarlane

Borrowed from http://perso.ens-yon.fr/patrick.flandrin/emd.html , Gabriel Rilling and
Patrick Flandrin
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